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INTRODUCTION 
Crystallization from solution involves two phase change phenomena, 
namely nucleation and crystal growth. These two mechanisms compete 
for solute in terms of their respective dependence on supersaturation. 
It is well known that, while crystal growth is related to supersatura-
tion in a nearly linear manner, the nucleation rate is related to 
supersaturation in a non-linear fashion. The nature of the non-
linearity in nucleation kinetics is such that, speaking qualitatively, 
the nucleation rate generally increases to a greater degree than the 
growth rate as the supersaturation is increased. 
Attainment of the desired size distribution has long been a major 
problem confronting the chemical industry. It is often the nature of 
industrial crystallizers to produce a crystalline product that is of 
wide size range and heavily weighted with fine or small crystals. It 
is the relationship between the competing kinetic rates of nucleation 
and crystal growth that determines the size distribution of the product. 
A large number of known (and possibly unknown) factors combine to 
yield the resulting product size distribution. Any or all of these may 
play an important role. The pH of the solution, presence of impurities, 
degree of agitation, rate of production of supersaturation, amount of 
seeding, and the temperature of crystallization are a few of the factors 
considered important. 
While it is true that the interrelation of the above factors is 
quite, ccniplcx, it is essential for proper crystal ii%er design and 
operation that studies be made concerning their effects on the crystal­
lization kinetics. One pertinent area that has been sorely neglected 
is that of the dependence of the kinetics on the temperature of opera­
tion (35). Most of the work done in this area has been that of the 
determination of the effect of temperature on the growth rate of single 
crystals when operating at a constant degree of supersaturation. Simi­
lar work has been done relating the temperature dependence of the homo­
geneous nucleation rate of a clear solution while maintaining a con-
stan» supersaturation ratio. There is lack of data relating the net ef­
fect of the competition between crystal nucleation and growth on the 
product size distribution when one maintains a constant suspension 
density and varies the temperature of crystallization for continuous 
operation. 
Furthermore, the classical equations describing growth or nuclea­
tion are primarily based on, and supported by, conditions that do not 
always occur in a continuous crystallizer. The growth equations are 
usually employed to describe the growth of single crystals in a solu­
tion of low supersaturation, while the nucleation equations apply to 
clear solutions of high supersaturation. On the other hand, the process 
of continuous crystallization, where both nucleation and growth occur 
simultaneously, often involves a relatively intermediate supersatura-
tion level. 
A considerable amount of theoretical work has been done in the 
area of continuous,mixed suspension, mixed product removal crystalliza­
3 
tion (1, 3j 22, 23). The analysis technique previously developed by 
Randolph and Larson (23) provides a convenient way to study the kinetics 
of nucleation and growth in a mixed-suspension crystallizer. This method 
can provide a useful tool to study the effect of temperature on the size 
distribution and crystallization kinetics while maintaining the con­
straint of a constant suspension density. 
i; 
LITERATURE REVIEW 
Nucleation 
An excellent review of the energetics of nucleation and surface 
formation was presented by Uhlmann and Chalmers (33). Both nucleation 
and growth were described by Gibbs as discontinuous changes of 
phase which are large in degree but at least initially scall in extent 
in space. When one phase transforms to a more stable one, the atoms in 
some region of the first phase must become arranged in the characteris­
tic configuration of the second. The formation of the resulting parti­
cle in a homogeneous fluid requires that an energy barrier be scaled 
(33). The total energy required is the sum of the work to form the 
particle surface and the work to form the bulk of the particle. Ac­
cording to Mullin (15), the overall excess free energy (work required), 
t^G*, between a small solid particle of solute and the solute in solution 
is equal to the sum of the surface excess free energy ûkGg, j..e., the 
excess free energy between the surface of the particle and the bulk of 
the particle, and the volume excess free energy 2*£*' the excess 
free energy between a very large particle and the solute in solution. 
2 
The is a positive quantity, the magnitude being proportional to r^, 
where r^ is the radius of the spherical solid. In a supersaturated 
solution, t^Gyf is a negative quantity proportional to r^. As r^ in­
creases from zero value, thè overall excess free energy^G* reaches a 
maximum value when the nucleus achieves critical size, r_. If the 
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energy of the fluid system is large enough, due to random deviations, 
to scale the required a stable nucleus will result. If not, the 
solid will dissolve. 
The fundamental expression for the rate of nucleation was first 
given by Volmer and Weber (36). They proposed an Arrhenius-type rela­
tionship: 
^ = c exp (-^) (I) 
where /\G* is the free energy of formation of a nucleus, k is the 
Boltzmann constant, T is the absolute temperature and c is a propor­
tionality constant. 
As pointed out previously, the G* in forming a nucleus from a 
homogeneous solution is the sum of a bulk and a surface contribution. 
The surface free energy, flGg, is usually expressed as the product of 
the surface tension and the surface area of the nucleus. The use of 
such notation is often questionable when one considers the small area 
of a nucleus plus the inability to measure the surface tension of crystals 
in suspension (18). 
Nielsen (18) has estimated the pre-exponential factor in Equation 
1 and has expressed^G* as a function of temperature and supersaturation: 
4!!l=|2expc^tà^,) 
-dir- = if 'k3î3ri;s-)2) W) 
where P is a geometric factor, a is the interfacial tension at the phase 
boundary, v is the molecular volume, k is Boltzmann*s constant, T is 
the absolute temperature, d is the molecular diameter, D is the solute 
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diffusion coefficient, and S is the ratio of the supersaturated solu­
tion concentration to the equilibrium concentration. Equation 2 has 
been found to apply for barium sulfate nucleation rates over certain 
supersaturation ranges. Nielsen (18) points out, however, that a simple 
concentration power model, similar to that applied by Randolph and 
Larson (23), will yield an adequate approximation of the nucleation rate. 
An equation similar to Equation 2 was previously derived by Volmer 
and Weber (36): 
where c is a proportionality constant, Ç is the density of the 
crystallizing phase, M is its molecular weight, N is Avogadro's number, 
and R is the gas constant. The other terms are as described in Equation 
2. Deviations from results predicted by Equation 3 are often attributed 
to viscosity effects. 
An analysis of either Equation 2 or Equation 3 yields several in­
teresting results. An accurate study of the effect of temperature on 
the nucleation rate requires the measurement of the interfacial tension, 
Q , at the different operating temperatures. This value, often ex­
pressed in terms of the surface tension, is extremely difficult to ob­
tain due to the minute solid size involved. Also, a proper study to 
isolate the effect of temperature on nucleation rate would require that 
the supersaturation ratio, S, be a constant for all temperatures. As 
diqrngqed AarliAr. the> sdDftrsatnration ratio is defined as: 
-loTvNM^a^ ) (3) 
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S = (4) 
c 
where is the solute concentration in the supersaturated solution 
and c* is the equilibrium saturation concentration at that temperature. 
While it is possible to support large and varied supersaturations for 
a solute such as sucrose (28, 35), such is not the case for the crystalli­
zation of most inorganic salts in a continuous mixed-suspension crystal-
lizer. Extremely small to intermediate value supersaturations are of­
ten supported regardless of the temperature of operation. The result 
is that supersaturation ratio, S, varies greatly with operating tem­
perature for a solute, such as potassium nitrate, with a steep tempera-
ture-solubility curve and varies slightly for a solute, such as potas­
sium chloride or potassium sulfate, with a relatively flat solubility 
curve. The kinetic models defined by Equations 2 and 3 hint that the 
variation of S with temperature might be an important factor in the 
nucleation rates obtained. 
As pointed out previously, one should recall that Equations 2 and 
3 have usually been used to describe the kinetics of nucleation where 
the value of the supersaturation (and thereby the supersaturation 
ratio, S) is relatively high. Previous experimental work has extensively 
dealt with nucleation from clear, particle and nuclei-free solutions. 
The supersaturation level was taken to be that at which nuclei first ap­
pear. Such a procedure has been used to supposedly study nucleation 
unhindered by crystal growth, although the separation of the two 
mechanisms by this method is in doubt (31). 
s 
A study of Equation 3 suggests straight lines for the appropriate 
constant-temperature and constant-supersaturation ratio plots- Van 
Hook and Fruila (35) studied the nucleation rate of droplets of sucrose 
syrups at constant supersaturation ratio for temperatures from -10° to 
40^0. A plot of the log of relative nucleation rate versus 1/T re­
sulted in a straight line with a consistent value of 4.4 kg.-cal. per 
mole for the activation energy of nucleation. 
Before leaving the subject of nucleation, there is one more point 
that should be made. It is to be emphasized that the equations pre­
sented for rate of nucleation were derived on the assumption of homo­
geneous nucleation. While homogeneous nucleation occurs only because 
of supersaturation, there is a possibility that crystals already present 
contribute to the nucleation process. Uhlmann and Chalmers (33) sug­
gest the existence of a fluidized material around the crystals in sus­
pension as a source of nuclei. According to their theory, nucleation 
on heterogeneities occurs at a lower potential than that required for 
homogeneous nucleation. Timm (31) found the nucleation rate to be a 
linear function of suspension density for several inorganic salts. Randolph 
and Rajagopal' (24) found that the nucleation rate of potassium-sulfate 
varied with the suspension density taken to the 0.4 power. 
Crystal Growth 
The mechanism of crystal growth from solution requires that solute 
be transported to the crystal surface and then oriented into the crystal 
lattice. Therefore, two consecutive steps are required, a diffusional 
9 
process followed by a type of surface reaction step. Early theories 
of growth (5) considered only the diffusional step probably because ob­
servations were made on systems where diffusion is rate controlling. 
By assuming that solute molecules diffuse through a thin Laminar film 
of liquid adjacent to the crystal face, the following equation was pro­
posed (15): 
^=£a(C33-C.) (5) 
where 
m = crystal mass 
A = crystal surface area 
Cgg = solute concentration in the supersaturated solution 
c* » equilibrium saturation concentration 
D = diffusivity of the solute 
X = film thickness 
A weakness observed in this equation is that no limiting growth rate 
is calculated as the diffusional resistance is lowered by increased 
agitation. The fact that a substance generally dissolves at a faster 
rate than it grows is often offered as contradictory evidence to a 
mechanism of pure diffusion. Due to the difficulty of comparing the 
driving forces for growth and dissolution, such an argument is question­
able. 
The overall driving force in Equation 5 was assumed to be related 
to the saturated concentration of the solute. However, Miers (14), via 
refractive index results, observed that, the solution in coiitaci. wii.ii 
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growing crystals of sodium chlorate was supersaturated as opposed to 
saturated. This result strongly hints that a second mechanism might be 
important in the overall growth rate equation, that of a surface reac­
tion. 
Assuming that first order surface reaction and diffusion steps 
combine to yield the dominant resistance, then the equilibrium result is: 
~ = -yCCss-^^i) (diffusion) (6) 
— = k_A(C;-c*) (surface reaction) (7) 
dt ^ 1 
) 
where c^ is the interfacial solute concentration and is the reaction 
rate constant. A combination of Equations 6 and 7, via the elimination 
of the usually unknown factor c^, results in the overall relationship: 
3G = ïfBTkz/Css-c*) (8) 
As the film thickness decreases, or the diffusion coefficient increases, 
the overall rate coefficient approaches k^ and the finite growth rate is 
controlled by the surface reaction step. Likewise, as the value of k^. 
becomes large, the controlling resistance becomes that of the diffusion 
step. It is thus seen that either step may be rate controlling depend­
ing on the operating conditions. 
While Equation 8 provides a basic kinetic description of the two 
step growth process, the assumption of a first order surface reaction 
for all materials is highly qiiasti nnahle (13^. Smvthe found that, 
in the growth rate of single large sucrose crystals, the rate of surface 
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reaction is second order at lew temperatures while at higher tempera­
tures the process is first order. 
In a recent book Nielsen (18) treats the previously mentioned cases 
of diffusion and surface reaction in detail. McCabe (12) found experi­
mentally that growth rate was a linear function of supersaturation for 
a variety of crystals in both aqueous and organic solutions. Equation 8 
then may be written; 
dm 
li = k^As (9) 
where s is the supersaturation (Cgg-c*) and kg is a value depending 
on the temperature and degree of agitation in the crystallizer. If both 
crystal mass and area are expressed in terms of a characteristic crystal 
dimension L, Equation 9 can be modified to give the following expression 
for linear growth rate: 
r = -^ = kgs (10) 
A considerable number of experimental investigations have been made 
concerning the temperature dependence on growth rate of single large crys­
tals while maintaining constant supersaturation. Palermo and Grove (19) 
studied the relationship of temperature to the rate of crystal growth 
for potassium alum crystals in a laboratory batch reactor. It was found 
that the growth rate of the crystals increases with increasing tempera­
ture and that the following equation is applicable: 
K = 0.000546t + 0.0125 (11) 
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where K is the specific rate coefficient and t is the temperature in °C. 
Further investigation supposedly revealed that the rate is diffusional 
controlled over the operational temperature of 10 - 40°C. This conclu­
sion was reached when a plot of K versus 7/ji, where T is absolute temper­
ature and yj is the viscosity of water at temperature T, resulted in a 
straight line. In accordance with Glasstone, Laidler, and Eyring (9) 
it is indicated that the effect of temperature on the diffusion co­
efficient of a solute in solution may be estimated by assuming Dji/T 
is independent of temperature. It was previously shown in Equation 8 
that the crystal growth rate is inversely proportional to the sum of 
the diffusional and surface reaction resistances. Since K is directly 
proportional to and I^/T is essentially constant for solutions, it 
was concluded that the diffusional step was rate controlling. 
It should be pointed out that one must use extreme caution when 
using the expression of the form: (J)ji/T) = constant. It is generally 
restricted to dilute solutions in which large molecules diffuse through 
non-electrolytes (9, 17). Variation of experimental values from pre­
dicted values can often be of a 10 to 30 per cent magnitude (16, 17). 
Both Smythe (28) and Van Hook (34) studied the effect of tempera­
ture on the growth rate of large sucrose crystals. The results indi­
cated that the growth rate does increase with temperature while main­
taining a constant supersaturation. An example result by Smythe (28) 
is that growth rate increased from 500 to 8000 '"q* for a 
m min m^min 
temperature range of zi'^C to /û.s^u ana a supersaturation of 30 gms./ 
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100 gms. Smythe (28) plotted the logarithm of the rate against 
1/T and found that the dependence was not linear as would be expected 
from the usual Arrhenius relationship. The apparent activation energy 
varied from 15 kcal below UO°C to about 8 kcal above 40°C. The transi­
tion may be explained in the fact that there are many systems that are 
not uniquely controlled by mass transfer or by chemical reaction, but 
are a function of both steps depending on the conditions. Since the 
activation energy for mass transfer is generally lower than that for 
the surface step, a change in slope in the Arrhenius curve would indicate 
a transition toward transport control at higher temperatures. This is 
apparently what happens to sucrose crystals, at temperatures below 
40°C the high activation energy of 15 kcal for the surface process has 
the major influence while above 40°C the transport process is dominant. 
In a similar manner, Mullin and Amatavivadhana (16) studied the 
dependence of growth rate on temperature while maintaining constant 
supersaturation for ammonium- and potassium-dihydrogen phosphate crys­
tals. A plot of the log of kg, the growth rate coefficient as defined 
in Equation 10, versus 1/T resulted in a straight line for both salts. 
The activation energy for growth was found to be approximately 25 x 10^ 
J/k mole. Because this activation energy was greater than that calcu­
lated to correspond to diffusion ( 16 x 10^ J/k mole) plus the fact 
that the growth rate was not influenced by the solution velocity, it 
was concluded that the growth was surface-reaction controlled. 
Mor.ahft n 2 1 ohs<>rvA<1 that o.arh crvstal in a cnsneneinn crrnWQ at thp 
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same rate, regardless of its size, if subjected to the same conditions. 
Exceptions to this principle, known as McCabe's^L law, have been found 
in industrial crystallizers where large crystals have a velocity sig­
nificantly different from the solution velocity. Some salts, such as 
certain hydrates, exhibit size dependency regardless of the agitation. 
However, if the agitation is vigorous and the velocities of the crystals 
of different size relative to the solution are the same, the law gener­
ally holds (13). 
It is worth noting that, like nucleation measurements, most experi­
mental work on the growth rate of crystals has been performed under 
the condition of a restricted supersaturation. However, in the case of 
the growth of single crystals, and in opposition to the nucleation 
studies, the supersaturation is usually low. The usual procedure is 
to pass a supercooled solution over suspended crystals and to observe 
the change in weight and length of the same. The supersaturation is 
normally defined as the difference between the supercooled concentra­
tion and the saturation concentration at that temperature. The solute 
transferred during growth is usually considered to be negligible. Such 
a procedure supposedly isolates the growth measurements from the competi­
tion of nucleation. However, as indicated previously, it is practically 
impossible to separate the two mechanisms of growth and nucleation. 
Crystal Size Distribution 
Randolph and Larson (22, 23) employed the concept of a population 
density function in an overall number balance for an arbitrary population 
15 
of particles under unsteady state cr " .tions. Population density is 
the slope of a cumulative numbers versus size curve with the notation in 
the limit being: 
n = limit (12) 
^ L-*0 &L 
where n is the population density (number of particles/length) and 
is the number of particles in size increment With population 
density thus defined, the following conditions and assumptions were 
made: 
• The suspension occupies a variable volume V enclosed by 
fixed boundaries, except for a free gravity surface. 
• This volume has perfectly mixed inputs and outputs. 
. The particles in the suspension are small enough and 
numerous enough to form a continuous distribution over 
a given size range and over a given element of suspension 
volume. 
• No particle breakage occurs, except possibly the chipping of 
a particle into unequal pieces such that one piece is es­
sentially unchanged in size while the other is small enough 
to be considered a nucleus. 
One may then write a total particle numbers balance for an arbi­
trary size range of Lj(t) to L2(t) over the total suspension in terms 
of the local population density, n: 
""WV ' - Q„-„„)aL (13) 
where n is the point population density per unit volume (number of 
particles/ft.^) and Q is the input or output suspension volumetric flow 
rate (ft.^/hr.). Differentiation of the left hand side of Equation 13 
16 
via Leibnitz's rule yields: 
* u<" * % *«i"i * VoWL = 0 (lu) 
Since the size range L^(t) to LgCt) is completely arbitrary, the length 
integrand in Equation 14 should drop out to give: 
Jvct)[|2 » ±(n|i)] dV » ns ^ - QÂ " Qo"» = 0 (15) 
The volume integral is retained in order to describe a classified sus­
pension. The first term in Equation 15 represents the transients in 
population density of crystals of a given size. The second term repre­
sents the bulk transport of crystals into and out of the size range due 
to their growth rate in the suspension. The third term represents 
changes in population resulting from variations in total suspension 
volume where ng is the local population density of crystals at the sus­
pension surface. The fourth and fifth terms are the input and output 
of crystals to the suspension. 
For a continuous, mixed suspension, mixed product removal (MSMPR) 
crystallizer, Randolph (22) made the following assumptions: 
.Constant suspension volume. 
.Constant suspension density maintained by controlling 
energy inputs. 
If the above assumptions are incorporated into Equation 15 then n = nV, 
dV _ 
dt ~ 0> Qo ~ Qi» OQ = n for mixed product removal yielding: 
17 
i f  *  À t ï ' =  r ' - i  -
The above equation applies quite aptly when the growth rate, is a 
dt 
function of the crystal size and when one has seeding. However, under 
the assumption that McCabe's law holds for the growth rate plus 
dealing with the non-seeded case, Equation 16 reduces to: 
V 
where residence time, T = -^7- • 
Tlie steady state integration of Equation 17 from 0 to L gives the 
following exponential size distribution equation in which the subscript 
zero denotes steady state operation: 
n = n° exp( - ) (18) 
" ^cro 
where n Is the population density, n° is the nuclei population density, 
L is the particle diameter, and r^ and are the steady state growth 
rate and residence time, respectively. Equivalent steady state equa­
tions were derived by Branson et al. (4) and by Saeman (26). 
A method of determining growth and nucleation rates from steady 
state data employing Equation 18 was developed by Branson ^  (U) 
and Randolph (22). A plot of log^ (n) versus L will result in a 
straight line of slope (- ^ ) and intercept log^ (n°). The steady 
state growth rate, r^i may be obtained from the slope of the line since 
the value of , the residence -i&e, is a known constant. As discussed 
previously, the growth rate has been shown to be a linear function of 
supersaturation while the rate of nucleation may be estimated by the as­
sumption of a simple power modex with respect to supersaturation (16). 
Robinson and Roberts (25) proposed an exponential relationship between 
nucleation rate and supersaturation of the fore:; 
= kis^ (19) 
at 
dN® 
where the quantityis tae total nucleation rate (number of nuclei 
formed/sec.), s is the supersaturation, is a coefficient that is 
probably temperature dependent, and i is a power that might also be a 
function of nucleation temperature. Recalling the linear relationship 
of growth rate to supersaturation in addition to the finding by Schoen 
(27) that growth rate was, indeed, first order with respect to super-
saturation for a variety of crystals in aqueous solutions, Equation 19 
may be written as: 
,4^ 0 , i 
= *2^ (20) 
at 
However, Equation 20 is of little value unless the nucleation rate, 
dN° 
, IS related to measurable values. By application of the chain 
ruiS/ ~~ was expressed in terms of the nuclei population density and 
the growth rate: 
( 2 1 )  
o 
dt o 
A combination of Equations 20 and 21 at steady state yields the follow­
ing expression for the nuclei population density: 
19 
n° = kzri-l (22) 
The use of Equation 22 allows one to find the steady state kinetic or­
der of nucleation in addition to yielding the basic relationship that 
determines the crystal size distribution. The method of solution in­
volves the use of a set of values of n° and r that are obtained at 
o o 
different residence times for a constant suspension density. The ex­
ponent (i-1) can then be calculated from the slope of '-he log-log plot 
of n° vs. r . 
o o 
dN° 
Randolph (22) plotted the log of the nucleation rate, vs. the 
log of the growth rate, r^, and obtained a straight line of slope equal 
to 3 for data on the cyclonite-nitric acid-water system obtained by 
Branson et ai. (4). Chambliss (7) found the exponent i to equal 1.7 
for the aqueous crystallization of ammonium sulfate while Timm (31) found 
the value of i to be 1.25 for the crystallization of ammonium alum from 
water by the addition of ethanol. 
While this work will deal exclusively with steady state studies, 
it is important to recognize that Equation 17 has been solved for transient 
size distributions for step changes in residence time and feed concen­
trations (7, 22, 23, 31). Such studies are often made by reaching steady 
state under certain operating conditions and then imposing a step in­
crease or decrease in either supersaturation or feed concentration. The 
effect of the disturbance on the size distribution from the transient 
stage to the final steady state is observed. 
20 
THEORETICAL DEVELOPMENT 
Scope of the Project 
The basic equations needed to study the effect of temperature 
on the kinetics of crystal nucleation and growth have been previously 
presented. For convenience, the key equations will be repeated below: 
(nucleation) 
^ 
.ÉÎL = kori (20) 
dt '' 
If = <''' 
(growth) 
dm DA 
dt - ss (C««-C*) (8) 
r = = kg(Css-c*) = kgS (10) 
As discussed in the literature review, a large portion of the previous 
work in this area concerned the effect of temperature on a single 
mechanism, either nucleation or growth. Previous work on nucleation 
usually involved measurement of the rate while maintaining a constant 
supersaturation ratio, S, and varying the temperature. Such a procedure 
21 
required a variation in the supersaturation in order to maintain S con­
stant for each temperature. Likewise, previous growth rate measure­
ments usually involved the growth of single crystals while maintaining 
constant supersaturation for various temperatures. 
However, in the case of MSMPR crystallization, both nucleation and 
growth simultaneously compete for the supersaturation in accordance to 
their individual kinetics. The relationship between these kinetic rates 
determines the supersaturation level supported and yields the nuclea­
tion and growth rates obtained. It is obvious that one does not have 
the same flexibility of the supersaturation level in a MSMPR crystallizer 
as available when studying only a single mechanism. While one could 
theoretically support any level of supersaturation in MSMPR crystalliza­
tion, the energy removal requirements limit such an effort. It is thus 
seen that one cannot readily predict the level of supersaturation sup­
ported for a particular run at a given temperature. The resulting level 
is a function of the relative kinetics of nucleation and crystal growth 
at that temperature. 
It is for these reasons that it was decided to study the effect 
of temperature on the kinetics of crystal nucleation and growth while 
maintaining a constant suspension density (production rata) for all tem­
peratures. The use of such a restriction implies a study that is dif­
ferent from the classical experiments. In this case, the production 
rate of crystal mass is held constant, as opposed to either the super-
saturation, s, or the supersaturation ratio, S. The supersaturation 
22 
level is allowed to adjust to its equilibrium value according to the 
residence time and the dependency of the kinetics of the system on 
temperature. Such a study has industrial value in that it enables a pro­
ducer to select the feed and operating conditions in order to obtain a 
desired size distribution while maintaining a constant production rata. 
Growtn Rate Considerations 
A review of Equations 8 and 9 suggests that there are three items 
in the growth mechanism that might display temperature dependency. 
These are: the diffusional term, DA/X, the surface reaction term, k^, 
and due to constraints imposed on the system, the supersaturation, s. 
As pointed out previously, there are two basic mechanisms that 
can control the rate of crystal growth, diffusion and surface reaction. 
Either of these steps could be the rate-controlling factor depending 
on the temperature of crystallization. Three previously cited studies 
on the growth rate of large single crystals demonstrate this phenomena 
for the temperature ranges studied. Palermo and Grove (19) found the 
growth rate of potassium alum crystals to be diffusional-controlled 
between 10-40°C. Mull in and Amatavivadhana (16) found the growth rate 
of ammonium- and potassium-dihydrogen phosphate crystals to be controlled 
by surface reaction oetween 20-40°C. Smythe (28) found that the growth 
rate of sucrose crystals was controlled by a surface reaction belcw 40°C 
and by diffusion above UO°C. 
Tr» gf f Ka aKotfô a nimf rvF 1 ntf r . 1 Acf \e A< t hf» çil-n-. 
wtio:i warranted, versus i/T rcàuited in a straight iiae. Such a result 
indicates, as one might reasonably expect, that both DÂ/X and k follow 
an Arrhenius-uypc temperature dependency. Therefore, the following 
definitions and equations are applicable: 
DA r 
(23) 
where A, is a frequency factor for diffusion, Ej is the activation 
energy for diffusion, R is the gas constant, ana T is tne absolute 
temperature, 
kr=A2exp(-:I_) (24) 
K. j. 
where A2 is a frequency factor for surface reaction and is the acti­
vation energy for surface reaction, and 
In kg = InA' - -- (25) 
where A' is either or A2 and E' is either Eq or E^, depending on 
which of the two mechanisms, diffusion or surface reaction, is rate 
controlling. 
It can be seen that the growth rate coefficient, k , should in­
crease with the temperature of crystallization via an Arrhenius-type 
relationship. This is not to say, however, that the growth rate, r, 
must necessarily increase with temperature in MSMPR crystallization. 
One must keep in mind that the two mechanisms of nucleation and growth 
are competing for the supersaturation at the same time. The result, de­
pending on the combined Icinetios at- thp r-i nr,c tomnoi-ai-i^-roo thit 
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the supersaturation level, s, might vary with the temperature of opera­
tion even though the feed rate (residence time) is a constant value. 
The result of this competition is that the supersaturation sup­
ported at various temperatures, while maintaining a constant residence 
time and suspension density, can behave in three ways. These possi­
bilities and their result on the growth kinetics are summarized in 
Table 1. 
Table 1. The effect of temperature of crystallization on kinetics of 
crystal growth while maintaining constant residence time 
and suspension density 
o . gms. ^ — 
100 gms. H2O min. 
mm. 
min. 
increase increase increase increase 
increase remain constant increase increase 
increase decrease increase cannot predict 
While Table 1 is self-explanatory, there is one aspect that de­
serves discussion. It will be noted that one cannot predict the trend 
in growth rate, r, as the temperature increases and the supersaturation 
decreases. Prediction requires that one knows the extent to which the 
supersaturation decreases with temperature. The final result of the 
quantity (kgS) depends on the relative increase of kg with temperature 
and the relative decrease of s. 
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One final matter concerning growth rate deserves attention, namely, 
the prediction of the rate-controlling mechanism over the range of 
operating temperatures. At any particular temperature, either the 
diffusional step or the surface-reaction step will control the rate of 
growth. There are available several methods of predicting if the dif-
fusional process is rate controlling. One could vary the speed of the 
agitator and, if the growth rate increases with agitator speed, diffu-
sional control is suggested. However, such a method is not practical 
in the operation of a MSMPR crystallizer due to the necessity of pro­
viding adequate agitation in order to suspend the crystals. The second 
method is that of comparing the activation energy of a kg versus 1/T 
plot with that of the diffusion coefficient, D. If the activation 
energies are the same, diffusion is indicated as the main resistance. 
This method also has its drawbacks. The supersaturation level supported 
in a MSMPR crystallizer is quite small and extremely difficult to measure 
for many inorganic salts. Furthermore, there is a lack of accurate ac­
tivation energy data for the diffusion coefficients of most inorganic 
salts. 
Nucleation Rate Considerations 
A study of Equation 19 reveals that there are three nucleation 
parameters that may vary with temperature. Hiey are: the rate coeffi­
cient, kj, the power parameter, i, and, indirectly, the supersaturation, 
s. It is to be understood that the suoersaturation is not directly 
cccperature-depeadenL; buu nay oe supporcec a-: différant levels for 
different temperatures due tc che combined kinetics of growth and 
nucieation at the temperatures involved. 
It is helpful to consider several other nucieation equations at 
this time. Equation 20, an equivalent of Equation 19, contains two 
known teiaperature-dependent parameters, (being and r. Fur­
thermore, Equation 2, a homogeneous nucieation equation, predicts an 
Arrhenius-type relationship between the nucieation rate and tempera­
ture as the supersaturation ratio, S, remains constant. While this 
equation is not directly applicable to this study (S is not a constant), 
it is helpful in a qualitative way. 
It is difficult to make any meaningful predictions concerning the 
effect of temperature on the nucieation rate. There are three differ­
ent parameters that could possibly assume any of three levels each, re­
sulting in a total of 27 different combinations that must be considered. 
However, there are several qualitative statements that could be specu­
lated. One should note that Equation 19 suggests a kinetic model that 
is quite similar to that applied to an ordinary chemical reaction. If 
the analogy is correct, k]^, like any other chemical reaction rate con­
stant, should display an Arrhenius-type dependency on temperature. 
Likewise, as in the case of a chemical reaction, one would not expect 
the power value, i, to change with temperature of nucieation. 
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EXPERIMENTAL 
Equipniant 
Crystaliizar 
A continuous MSMP& cooling crysrailizer rabricated of stainless 
steal PANELCOIL was employed. Kefer to Figure 1 Îor features plus di­
mensions. The vessel volume with draft tube in place was 10.5 liters. 
Agitation was provided by a three inch diameter three-blade propeller 
placed near the center of the draft tube. The propeller was driven by 
a 1725 rpm, one-fourth horsepower motor connected to a powerstat. The 
coolant, an ethylene glycol and water mixture, was introduced through 
the coils of the outside cylinder and the draft tube. 
The feed was introduced through a 3/8 inch stainless steel line 
located slightly above the suspension surface. The product slurry was 
removed through a similar line placed an appropriate distance below the 
liquid level. This product was removed by means of a JABSCO rubber-
impeller rotary pump that was activated by means of an on-off liquid 
level controller. The operation of the liquid level controller was 
such that, when the level inside the crystallizer reached a prescribed 
height, an electric circuit was activated and the JABSCO pump removed 
approximately 10% of the slurry in the crystallizer. The discharged 
product was pumped back to the feed drum where the crystals were dis­
solved and the resulting liquid recycled to the crystallizer with the 
bulk, of the feed. 
Figure 1. Crystallization, vessel 
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Auxiliary equipment 
Figure 2 displays both the major equipment plus the direction of 
flow of the unit. Figure. 3 contains pictures taken of the crystallizer 
and auxilary equipment. 
The feed was stored in an agitated 55 gallon drum and heated by 
means of a stainless steel immersion heater with thermostatic control. 
The use of either a GORMAN-RUPP metering pump or an EASTERN centrifugal 
pump connected to a powerstat assured a constant feed rate throughout 
the run. The metering pump was employed for the siewer flow rates while 
the centrifugal pump was used for flow rates unattainable by the former. 
The feed was pumped in succession through a filter, a rotameter, and a 
thermometer well before entering the crystallizer. All of the feed 
lines were wrapped and heated by electric tapes to minimize heat loss 
to the surroundings. 
As mentioned previously, the product slurry removed from the crystal­
lizer was pumped directly back into the feed drum. It was found that the 
large feed reservoir plus sensitivity of the heater enabled the product 
crystals to be dissolved and the feed temperature to be maintained to 
assure constant feed conditions. An extra bonus of this arrangement was 
less variance in the feed rate due to the relatively constant liquid 
height in the feed drum. 
The coolant, an ethylene glycol and water mixture, was stored in 
a 30 gallon stainless steel drum which was agitated by air. A BLUE M 
refrigeration unit with the cooling coils immersed in the coolant bath 
Figure 2. Equipment and flow diagram for crystallization system 
1. Feed tank 
2. Feed immersion heater with thermostatic control 
3. Feed pump 
4. Feed filter 
5. Feed rotameter 
6. Feed temperature 
7 . Crystal 1izer 
8. Liquid level control relay 
9. Product removal pump 
10. Coolant tank 
11. Coolant refrigeration unit 
12. Coolant pump 
13. Coolant rotameter 
14. Coolant return line 
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Figure 3. Photographs of crystallization equipment 
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served as the method o£ heat removal. The coolant was pumped through 
well-insulated 3/8 inch copper lines by means of an EASTERN centrifugal 
pump connected to a powerstat. The coolant passed through a rotameter, 
through the coils of the draft tube and the outside cylinder of the 
crystallizer, and then returned to the reservoir where the newly acquired 
heat was removed. 
An evacuated, calibrated suction flask was used for sampling the 
suspension density when desired. The collected sample was then trans­
ferred to another evacuated flask equipped with a small mesh sieve 
where the crystals were separated from the mother liquor. A calibrated 
set of 3 inch, U.S. Standard sieves was used for size distribution 
analysis. All samples were sieved in the same manner an.i for the same 
length of time with a Ro-Tap testing sieve shaker. 
Materials 
The technical grade potassium nitrate, KNO3, was obtained from 
Southwest Potash Company in 100 pound bags. 
The analytical grade potassium chloride, KCl, and potassium sulfate, 
KgSO^, was purchased from Mallinckrodt Chemical Works in 5 pound bottles. 
Procedure 
Feed preparation 
Feed of the desired concentration and temperature was prepared by 
dissolving the required weight of salt in the proper amount of distilled 
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water and heating the mixture to operating conditions. Approximately 
45 gallons of feed was prepared for each series of three runs. However, 
due to the recycling of the product to the feed drum, the amount of 
initial feed was not an important factor as long as sufficient height 
existed to assure a minimum variance in feed flow rate and to redis-
solve the crystals from the product slurry. 
After all of the salt was dissolved, the height of the resulting 
mixture was recorded. Since it was at times necessary to maintain the 
feed at rather high temperatures (50 - 65°C.) to prevent crystallization 
in the feed lines, the evaporation of water resulting in changes of 
concentration was a problem. It was then necessary, when the feed 
stood for a considerable length of time, to add sufficient distilled 
water as make-up to return to the initial recorded level. 
Due to the constraint of constant suspension density for each run of 
a particular salt, it was necessary to begin with the correct feed con­
centration corresponding to the conditions of operation. Samples were 
taken of the feed before each run and evaporated to dryness. Based on 
the concentration desired and that obtained, distilled water or salt 
was added to the solution in order to obtain the correct feed. This 
process was repeated until satisfactory results were obtained. Even 
with this exacting procedure, some variance from the suspension density 
desired was often obtained. 
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CooLaiit system 
As mentioned previously, the coolant consisted of a 30 gallon 
mixture of ethylene glycol and water. The source of heat removal was a 
BLUE M portable cooling unit equipped with a 1/3 h.p. motor. The 
coolant was circulated through a rotameter, the crystallizer, and re­
turned to the drum by means of a centrifugal pump connected to a power-
Stat. 
Due to the limited heat removal capacity of the refrigeration 
unit, the temperature of the 30 gallon coolant source would rise during 
a run. It was then necessary to increase the flow rate of the coolant 
through the lines by adjustment of the powerstat. This procedure changed 
the amount of coolant available to carry away heat and was continued 
throughout the run as needed. Obviously less flow rate variance was 
required during the 45 minute residence time than the 15 minute residence 
time due to the increased time available for the unit to remove the heat. 
The initial coolant temperature for each run was -14°C. This mini­
mum temperature was reached when the expansion valve on the refrigera­
tion unit was set at 30 lbs./in. 
Operation of the crystallization system 
The required feed was stirred and heated to the required tempera­
ture. The feed flow rate was adjusted to give the proper rate. The 
resulting solution was then passed successively through a final filter, 
a thermometer well, and into the crystallizer. After the crystaliizer was 
tilled , tne vessel mixer was started along with the initiation of upera-
tion of the level controller and the product removal pump. The coolant 
system was then put into operation and the coolant flow rate adjusted 
to maintain the desired crystallizer temperature. The remainder of the 
run was fairly automatic except for periodic adjustment in the feed and 
the coolant flow rate. A crystallizer temperature range of not more 
than 0.5° G. was maintained for all runs. 
Sampling of the crystal suspension was initiated after 16 resi­
dence times had elapsed. It was found that approximately 15 residence 
times were required to reach steady state. Samples at 17 and 18 resi­
dence times were also taken and usually found to exhibit a population 
distribution of consistent size fractions. 
Sampling and filtration 
Samples of the crystal suspension were drawn by vacuum into a 
calibrated suction flask. This method assured quick removal of the sam­
ple, eliminated the possibility of a classified sample, and lead to con­
sistency in the method of sampling. Samples ranged in size from 300 to 
450 ml. A check by withdrawing the sample from various points in the 
crystallizer revealed a similar size distribution and thereby offered 
supporting evidence to the assumption of perfect mixing for the sus­
pension. Once the mother liquor was separated from the sample, its 
volume was measured by means of a calibrated cylinder. This volume 
along with an estimate of the volume occupied by the sample crystals 
resulted in a more accurate measurement of the sample volume. 
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The samples were immediately filtered by suet. . •. after withdrawal 
from the crystallizer. Haste and efficiency were of utmost importance 
due to the possibility of the crystals dissolving in the mother liquor 
or the possibility of other salt crystallizing during the process of 
sampling and filtration. However, visual observation indicated that 
this problem was not encountered during the sampling procedure. A 
fritted-disc, Buchner type funnel of 60 micron pore size was used for 
filtration. Ail crystals were washed from the sampling flask with 
filtrate. After the bulk of the mother liquor had been drawn off, the 
crystals were washed on the screen with acetone. Suction was then 
continued until the crystals were dry enough for easy removal. The 
crystals were then transferred and scattered out on a paper for further 
drying before weighing. 
Separation of crystals 
The weighed, dry crystals were sieved in a nest of 3 inch, U.S. 
Standard sieves. Agitation was provided by a Ro-Tap testing sieve shaker. 
Each sample was shaken for fifteen minutes. Sieves of the following 
mesh and aperature sizes were employed, the aperatures expressed in 
millimeters are in parentheses: 18(1.000), 20(0.841), 25(0.707), 
35(0.500), 40(0.420), 50(0.297), 70(0.210), 100(0.149), 140(0.105), 
2 00(0.074), and the pan. Each size fraction was then removed from its 
screen by brushing the back of the screen and then placed in previously 
weighed two ounce bottles. The bottles were weighed again and the weight 
of the crystals in each size fraction found by difference. 
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Supersaturation and viscosity measurement 
An attempt was made to accurately measure the solute concentration 
in the mother liquor in order to calculate the supersaturation supported 
for each run. The first procedure employed was that of withdrawing a 
mother liquor sample through a fritted immersion filter via vacuum. 
However, the effort proved to be unsuccessful due to clogging on the 
filter area and the evaporation of a part of the H2O in the mother 
liquor as a result of the high vacuum needed. 
It was then decided to obtain an estimate of the mother liquor 
concentration by evaporating to dryness a sample of the mother liquor 
obtained when filtering the crystals on the 60 micron pore screen. 
Solubilities at the various operating temperatures were obtained by 
allowing a solution with excess solute to come to equilibrium and to 
then filter the resulting slurry through the 60 micron pore screen. 
The difference between the mother liquor concentration and the saturated 
concentration was taken to be a measure of the relative supersaturation. 
It should be pointed out that this procedure yields only an esti­
mate of the supersaturation which in most cases is too high a value. 
This result occurs because the mother liquor value includes any crystals 
and nuclei that are smaller than the 60 micron pore size. Furthermore, 
due to different nucleation and growth rates for the various runs, the 
excess weight might not be a constant value. 
Viscosities of the saturated liquids were obtained by means of an 
OâtWcllû vibCUtQ-^ï icL .  
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RESULTS 
Treatment of Data 
The population densities were obtained by a sieve analysis. The 
following procedure was used to convert the weight fractions obtained 
from screening into population densities: 
•An arithmetic average diameter L was determined for each 
size fraction. 
•The total weight W of a given size fraction was converted to 
number of crystals by dividing by the cube of the average 
diameter L^, a volumetric shape factor ky, and the density of 
the crystalline material-
•The population density n of a given size fraction was obtained 
by dividing the total number of crystals in the size fraction 
by the width ùiL of the fraction. ^ L being the difference in 
aperature diameter between successive sieves. 
•The population density of crystals in the crystallizer was 
found by multiplying by the ratio of the crystallizer volume 
V to the suspension sample volume v. 
The equation to calculate population density is: 
where the component terms are as defined above. One should take note 
of the fact that the s for the different sieve fractions are not 
equal due to the choice of sieves employed. 
The choice of a shape factor, k^, for a particular salt is often 
prone to error. Using an assumed shape factor shifts the population 
density of all sieve fractions by a constant amount, therefore, the 
relative size distribution was not affected by the selection of k,,• 
(26 )  
U2 
The nature ot ikc habil ot KNOj and was such that only an ap­
proximate shape factor could be found. An assumed value of ky = 1.0 
was employed for both of these salts. The method of selection was based 
on a technique proposed by Mull in (15) and is discussed in Appendix A. 
Due to the cubic habit of KCl, its is, by definition, equal to 1.0. 
Figure 4 displays the habit obtained for the three salt systems. 
Determination of Growth and Nucleation Rates 
Equation 18 is applicable for a continuous MSMPR cooling crystal-
lizer operating at steady state. As discussed previously. Equation 18 
specifies that a semilog plot of population density versus size should 
result in a linear relationship with a slope proportional to (- m ) 
^o^o 
and an intercept equal to the nuclei population density (n°). 
It is extremely critical that one obtains the best straight line 
through the semilog plots of population density versus size. The ac­
curacy of the nucleation order i depends on the proper location of this 
line. Due to the logarithmic vertical axis, a slight shift in the 
line results in a large variation of the n° value. Growth rates are 
less sensitive. 
In order to obtain the best straight line through the data, a modi­
fied least-squares analysis was developed. While the technique is fully 
described in Appendix B, a brief summary will be presented here. Through • 
a mathematical development of Randolph (22), it was possible to relate 
the steady state nuclei population density, n°. The suspension density 
Figure 4. Photomicrograph of potassium nitrate, potassium chloride, 
and potassium sulfate crystals (approximate magnification 
of 18 to 1) 
Potassium nitrate crystal, +50-40 mesh 
Potassium chloride crystals, +70-50 mesh 
Potassium sulfate crystals, +40-35 mesh^ 
^U-S- Standard mesh. 
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was found by determining the weight of crystals in 100 milliliter of 
crystallizer suspension. It was thereby possible to obtain the growth 
rate in terms of the nuclei population density. The next step was to 
incorporate this known relationship into an ordinary least-squares analy­
sis. The result was that the only unknown in the analysis was the in­
tercept, n°. A trial and error procedure was employed to determine the 
n° value that resulted in a minimiuoD sum of squares. The growth rate was 
then calculated via the mass balance. 
Equation 22 suggests that a plot of log n° values versus the cor­
responding log r^ values should yield a straight line of slope (i-1) and 
an intercept of k2« The procedure employed was to make two or three runs 
at different residence times for each temperature. The residence times 
used were 15, 30, and 45 minutes. The r^ and n° values varied for the 
different residence times due to the variation in the supersaturation 
level supported. 
The attempt to maintain a constant suspension density for all the 
runs of a particular salt was sometimes unsuccessful. This problem was 
due to the difficulty of duplication and preparation of the exact feed 
concentration required. It is for this reason that the nuclei popu­
lation densities were corrected before making the log-log plots of Equa­
tion 22. This correction consisted of multiplying the n° value by the 
ratio of the standard suspension density to the experimental one. The 
standard for KNO3 was = 3.00. The standard for KCl was = 2.00. 
- rC  
rate on suspension density (31). However, due co the finding of Ran-
O.U 
dolph and Rajagopal (24), the standard for ^230^ was (2.00) ' . This 
value was divided fay the experimental taken to the 0.40 power in 
order to determine the needed ratio. 
Growth and Nucieation Kinetics of Potassium Nitrate 
The growth and nucleation kinetics were studied over a tempera­
ture range of from 11.0°C to 40.0°C. More specifically, data was taken 
for residence times of 15, 30, and 45 minutes for each of the following 
temperatures: 11.0°C, 20.8°C, 31.0°G, and 40.0°C. An attempt was 
made to maintain the suspension density close to = 3.00 for all runs. 
The population densities were calculated via Equation 26 and plotted 
versus crystal diameter according to Equation 18. A typical experi­
mental log n versus L curve is shown in Figure 5. This particular plot 
displays the experimental data for a 45 minute residence time run made 
at 11.0°C and having a = 3.07. The growth rate, r^, and the nuclei 
population density, n°, were calculated from similar plots for the 
other runs according to the least-squares method outlined in Appendix B. 
The resulting values are given in Table 2. This table also contains the 
dN° 
nucleation rates, that were calculated by means of Equation 21. 
With the rQ and corrected n° values tabulated as shown in Table 2, 
it was then possible to prepare a pic: of Equation 22 in order to deter­
mine the values of i and k2 at the four operating temperatures. The log 
n° versus log r^ plots are shown in Figure 6. It was found that the 
Figure 5. Size distribution of potassium nitrate in terms of popu­
lation density 
Residence time = 45 minutes 
Temperature = 11.0°C 
Suspension density = 3.07 grams crystals per 100 milli­
liters suspension 
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Table 2. Experimental operating conditions and results for potassium nitrate 
T 
OC 
T' 
min. 
Coav. ^sat'd Mij gms./ 
100 ml. 
r V103 
mm/mm. 
n^X10"7 
no./mm. 
10 
no/min. 
11.0 15 25.77 21.98 21.76 3.00 6.37 15.80 10.00 
11.0 30 26.26 21.78 21.76 3.60 3.92 12.30 4.81 
11.0 45 25.70 21.73 21.76 3.07 2.66 11.50 3.06 
20.a 15 38.34 32.52 31.98 4.56 7.40 11.60 8.57 
20. W 30 38.30 32.50 31.98 3.75 4.23 9.06 3.83 
20,f! 45 38.70 31.85 31.98 3.77 2.90 8.20 2.37 
31,0 15 49.92 46.25 46.48 2.45 8.54 8.79 7.50 
31.0 30 52.20 45.88 46.48 3.20 4.55 7.32 3.33 
31,0 45 51.70 45.80 46.48 3.25 3.13 6.50 2 .03 
40,0 15 65.75 62.40 62.34 3.09 9.37 6.26 5.86 
40.0 30 65.48 62.50 62.34 2.82 4.86 5.25 2 .55 
40,(1 45 67.05 62.30 62.34 4.13 3.35 4.59 1.53 
^Ciav' Coav, Cgat'd indicate gms. potassium nitrate/100 gms. HgO. 
^n° corrected for all runs to a suspension density of = 3.00 gms./lOO ml. 
Figure 6. Correlation of nuclei population density and growth rate 
for potassium nitrate at four levels of crystallization 
temperature 
Q- T(°C) = 11.0 
Slope (i-1) = 0.28 
Intercept = 5.63 X 10® 
A- T(°C) = 20.8 
Slope (i-1) = 0.28 
Intercept (k^) = 4.94 X 10^ 
a- T(°C) = 31.0 
Slope (i-1) = 0.28 
Intercept (k^) = '3.32 X 10^ 
O- T(°C) = 40.0 
Slope (i-1) = 0.28 
Intercept (k^) = 2.30 X 10 
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slope (i-i) aid nor vary with of cryscailizarior. and ihai a 
constant value or i = 1.26 was obtained. The values were obtained 
from the intercepts and resulted in the following nucleation equations: 
11.0°C dxo = 5.G3 ^ (27) 
— O ^ 
ar 
20.&°C dxO = -.94 X (26) 
dt 
31.UGC 0%° = 3.J2 X = kiS'"'^ (29) 
dt ° 
40.0°C dN° = 2.30 X (30) 
dt 
It can DB observea from tne solubility and mother liquor concen­
tration data given in Table 2 that there was no consistency in the rela­
tive supersaturation supported for the various runs. One could reason­
ably expect that the supersaturation level would decrease as the resi­
dence time increases. However, violations of this expectation were 
obtained along with the improbable occurrence of a negative supersatura-
tion. Furthermore, the supersaturation levels supported were often of 
such small quantity that they could result from weighing errors. It 
is for these reasons that it was concluded that one could not separate 
the terms in the nucleation expression (k^s^) or the terms in the growth 
equation (k^s ). The result of this inability to measure supersaturation 
was that the analysis of temperature dependency had to be made in terms 
^ M Û 
of the overall nucleation rate, ——, as opposed to k.. Likewise, it was 
dt ^ 
necessary to study the growth rate, r , as opposed to its temperature-
dependent coefficient, k^. 
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A plot o£ log versus 1/T for the three levels of residence 
time is given in Figure 7. It is observed that the log (4^) decreased 
as the temperature increased. One could speculate that the temperature-
dependent coefficient, , should increase with temperature. Such a 
prediction stems from the increase in kinetic activity of the solute 
molecules with temperature, resulting in a greater probability of nude-
ation. If the above reasoning is correct, one must conclude that the 
dN^ 
decrease in -g-— with temperature is the result of a decrease in the 
supersaturation level supported. One might then argue the point that it 
is impossible to tell whether the observed nucleation rates resulted 
from changes in supersaturation or changes in temperature. One must re­
call, however, that this study was designed to study the effect of the 
temperature of crystallization while maintaining a constant production 
rate, not supersaturation level. 
A plot of log r^ versus 1/T for the three levels of residence time 
is given in Figure 8. It is observed that the log r^ increased as the 
temperature increased. Due to the inability of separating the growth 
terms in the expression (kgS), it is difficult to obtain any meaningful 
activation energy for the growth rate from this Arrhenius-type plot. 
The following equations describe the temperature dependency of the r^ 
values for the temperature range studied: 
15 minute residence time—r^ X 10^'5^ 6.37 + 0.103(T(°C)-11.0)  (31)  
30 minute residence time--rQ x 10^^ 3.92 + 0.032(T(°C)-11.0)  (32)  
45 minute residence time--r_ X 10^'^ 2.66 + 0.02k(T(Or^-l1.n) 
Figure 7. Semilog plot of nucleation rate versus l/T for potassium 
nitrate at four levels of crystallization temperature 
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Figure 8. Semilog plot o£ growth rate versus 1/T for potassium 
nitrate at four levels of crystallization temperature 
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The inability to measure the supersaturation levels supported also 
hinders the effort to predict which mode of resistance, diffusion or sur­
face reaction, was rate controlling over the temperature range studied. 
However, the fact that a single straight line was obtained for each 
residence time in the log r^ versus 1/T plots suggests that a single mode 
controlled throughout the entire range of operating temperatures. Mullin 
and Amatavivadhana (16) and Palermo and Grove (19) have suggested that one 
might obtain some insight into which resistance is rate controlling through 
the use of the finding of Glasstone, Laidler, and Eyring (9) that the 
quantity was a constant for aqueous solutions. If a straight line re­
sults in a plot of kg versus (.T/ji), diffusional control is hinted. Mullin 
and Amatavivadhana (16) point out, however, that the equality is limited 
to dilute solutions in which large molecules diffuse through non-electro-
lytes. Since the kg could not be obtained directly, a plot of r^ versus 
(T/|i) was prepared for each residence time. The plots, shown in Figure 9, 
indicate that a linear relationship exists between r^ and D. However, the 
results are inconclusive due to the lack of supersaturation data for the 
runs. While diffusional control is suggested, more thorough examination 
is needed to confirm diffusion as being the greatest resistance to growth 
in the temperature range from 11.0°C to 40°C. 
Growth and Nucleation Kinetics of Potassium Chloride 
As can be seen from the photomicrograph of the potassium chloride 
crystals given in Figure 4, the crystals grown in the MSMPR crystallizer 
Figire 9. Plot oE growth rate versus T/^ for potassium nitrate at four levels of c ry s t a 1 1 i/a t i.on 
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were a collection o£ contiguous cublets as opposed to clear cubic 
crystals. Strickland-Constable (29) has observed similar abnormal growth 
behavior when attempting to grow clear cubic potassium bromide crystals. 
Such a phenomena, often explained by means of collision breeding, can 
occur in a mixed suspension at extremely low supersaturation levels. 
A discussion of the findings of Strickland-Constable (29) on the sub­
ject of polycrystallization and other abnormal growth is given in 
Appendix C. 
The growth and nucleation kinetics were studied over a temperature 
range of 12.0°C to 30.0°C. Specifically, data was taken at residence 
times of 15 and 30 minutes for each of the following temperatures: 
12.0°C, 20.8°C, and 30.0°C. An attempt was made to maintain the sus­
pension density close to = 2.00 for all runs. 
A typical population density versus crystal diameter plot of Equa­
tion 18 is shown in Figure 10. This particular graph displays the ex­
perimental data for a 15 minute residence time run made at 12.0°C and 
having a = 2.49. Similar plots were constructed for the other ex­
perimental runs and the r^ and n° values obtained via the least-squares 
technique outlined in Appendix B. The resulting parameters are tabu­
lated in Table 3. The nucleation rates, obtained via Equation 21, are 
also given in this table. 
It was then possible, through the use of Equation 22, to obtain 
the values of i and kg at the three operating temperatures. The log 
n° versus log r„ graphs are given in Figure 11. As discussed orevinuAtv. 
Figure 10. The distribution of potassium chloride in terms of 
population density 
Residence time = 15 minutes 
Temperature = i2.0°C 
Suspension density = 2.49 grams crystals per 100 
milliliters suspension 
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Table 3. Experimental operating conditions and results for potassium chloride 
T 
o. 
T' 
min. 
«-av •"av 'sat * d X 103 ng^xiO-
gms./lOO ml mm./min. n o ./mm. 
_dN" X 10 
dt 
no./min. 
-U 
12. J 15 3 5 . 0 7  3 2 . 1 0  31.98 2.49 12.40 13. 80 17. 30 
12 . ] 30 34.33 31.98 31 .98 2.09 7 .55 6. 3 8  4. 82 
20. 3 15 36.89 34.42 34.47 1.98 11.90 18. 40 20, 30 
2 0 .  8 30 36.48 34.47 34.47 1.38 7.34 7 . 80 5. 22 
30. 3 15 39.25 37 .18 36.86 1.68 11.20 20. 50 2 3 .  00 o
 
CO 
0 30 3 9 . 7 5  37.16 36.86 2 .07 6.99 10. 30 7 . 21 
^'^iav' ^oav' and Cgat' ,j indicate gms. potassium chloride/100 gms. HgO. 
^n° corrected 
o 
for all runs to a suspension density of Hp=2 .00 gms ./lOO ml. 
Figure il. Corre^acioû oi aucici pcpuiauioa ar.j growta rate 
1 or poraosiuGTi chloride a c  three levels or crystal 1 izacioa 
recperature 
Q- T(°C) = 12.Û 
Slope (i-1) = i.55 
Intercept (ki) = %.u3 X 10^ 
A- T(°C) = 20.6 
Slope (i-1J = i.55 
Intercept (k^) = 1.12 X 10^^ 
G- T(°C) = 30.0 
Slope (i-l)=i.55 
Intercept (k^) = i.33 X 10^^ 
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the slope of such a plot is equal :o (i-l) aac the iaiercepi; is equal 
zo k . Il was found chat che varue of i did not vary wich the tempera­
ture of crystaliizatioa and i = 2.55 over the range of temperature 
studied. The following nucleation equations were obtained from the 
experimental parameters given in Figure 11; 
12.0Oc X ^ k^s-'^S (24) 
dt 
2 0.8^^0 _nN° = 1.1/ X lu 'r^''^^ = (35) 
Gt 
30.0°C X lu^ ^^ -^55 = (36) 
dc 
A study of the solubility and mother liquor concentration data 
given in Table 3 suggests that, as in the case of potassium nitrate, 
one is unable to measure any meaningful supersaturation level for the 
potassium chloride runs. Just as in the case of potassium nitrate, it 
was necessary to study the effect of temperature on the overall nu­
cleation rate, dN°, and the overall growth rate, r^. One cannot separate 
dt 
the terms in the nucleation expression (k^s^) or the terms in the growth 
rate expression (k =). 
dN" 
A plot of log (-^Y") versus 1/T for the two levels of residence time 
is shown in Figure 12. It is noted that, in contrast to the potassium 
d\'0 
nitrate data, the log increased as the temperature of crystalliza­
tion increased. Due to fact that the power parameter, i, is temperature-
independent, it can be concluded that either, or both, k^ and s increase 
witn tne temperature of crystallization. One must recall, as pointed out 
Figure 12. Semilog plot of nucleation rate versus i/T L'or potassium 
chloride at three levels of crystallization temperature 
NUCLEATION RATE (no/min) 
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in the theoretical development, that the supersaturation level sup­
ported is a result o£ the combined kinetics of nucleation and crystal 
growth at that temperature. As discussed earlier, one might reasonably 
expect that the nucleation coefficient, kp increases with temperature. 
Such a speculation results from kinetic considerations. It will be 
dN° 
shown below that the increase of with temperature was a result of 
the increase in k^ with temperature. The supersaturation level, due to 
the combined kinetics of nucleation and crystal growth, probably de­
creased with the temperature of operation. 
A plot of log r^ versus 1/T is shewn in Figure 13. It was found 
that the growth rate of potassium chloride crystals decreased with 
temperature. The following equations describe the temperature de­
pendency of the r^ values for the temperature range studied: 
15  minute residence time—r^XlO^ ^  12 .40  -  0 .066(T(°C) - 12 .0)  (37)  
30  minute residence time-'r^XlO^ '= 7.55 - 0 .031(T("c)  -  12 .0 )  (38)  
It was stated previously that, no matter which of the two modes of re­
sistance control growth, the growth coefficient, kg, has been found to 
increase with temperature. If, as expected, kg does increase with 
temperature, then the lowering of r^ as temperature increases should re­
sult from a lower level of supersaturation at the higher temperatures. 
Therefore, Figures 12 and 13 suggest that the value of -jp- increased 
with temperature due to an increase of k^ with temperature. Also, it 
Figure 13. Semilog plot of growth rate versus 1/T for potassium 
chloride at three levels of crystallization tenpera-
ture 
CO NJ CO 
"T" ~r 
Ol 
"T" 
CO 
ès 
Zk *'• 
&Î 
CO 
GROWTH RATE (mm/mîn) 
3 — 
5 
73 
in the supersaturation level supported. The kinetics of growth and 
nucleation combined to lower the supersaturation. 
Growth and Nucleation Kinetics of Potassium Sulfate 
Like the potassium chloride crystals, the potassium sulfate crys­
tals grown in the MSMPR crystallizer often displayed a type of abnormal 
growth. The abnormality in this case could be described as polycrys-
talline growth. Such crystals, being made up of a mass of crystalline 
material, are often theorized as resulting from polycrystalline breed­
ing (29). A discussion of this phenomena is given in Appendix C. 
The growth and nucleation kinetics were studied over a tempera­
ture range of from 13.0°C to 30.0°C. In detail, data was taken at 
residence times of 15 and 30 minutes for each of the following tempera­
tures: 13.0°C, 20.8°C, and 30.0°C. An attempt was made to maintain 
the suspension density at Hy = 2.00 for all runs. 
A typical population density versus crystal diameter plot of Equation 
18 is shown in Figure 14. This plot contains the experimental data for 
a 15 minute residence time run made at 30.0°C and having a = 1.41. 
It can be noted from the potassium sulfate plot that McCabe's ^  L law 
was not applicable over the entire size range studied. As discussed 
previously, some crystalline systems, such as certain hydrates, fail to 
obey McCabe's law. The explanation given for such an occurrence 
is often in terms of the relative settling velocities of the different 
Figure lU. Size distribution of potassium sulfate in terms of 
population density 
Residence time = 15 minutes 
Temperature = 30.0°C 
Suspension density - 1.41 grams crystals per 100 
milliliters suspension 
POPULATION DENSITY (n - no/mm) 
Q o o O) o o o  VI 
o 
ro 
oo 
76 
size crystals. A detailed discussion of this phenomena was given by 
Abegg, Stevens, and Larson (1). A summary of this article is given in 
Appendix D. These authors also proposed a growth rate model to de­
scribe crystal size distributions in continuous crystallizers when the 
growth rate is size dependent. Discussed in Appendix D, the model is 
as follows; 
r^CL) = r° (1 +Vl)^  (39) 
where r^CL) is the growth rate of a crystal of size L, r° is the growth 
rate of the smaller size crystals, is equal to (—-—), and b is a 
ro To 
value less than 1.0 
Employing the procedure outlined in Appendix D, the following 
growth rate model was obtained; 
TOCL) = r° (1 (40) 
It is the growth rate of the smaller crystals, r°, whose temperature 
dependence was studied during this research. As discussed in Appendix 
D, the smaller crystals in any system usually obey McCabe's & L law 
and exhibit a growth rate of equal value. The result of this occurrence 
is that the least-squares method outlined in Appendix B could be used 
to calculate r° for the size range from 0.0 millimeters to approximately 
0.2 5 millimeters. The nucleation rate is defined as being equal to 
(rgnS). 
The resulting growth rates, nuclei population densities, and nu­
cleation rates are summarized in Table 4. Randolph and Rajagopal (24) 
found that the nucleation rate tor tne potassium suitate system varies 
Table U. Experimental operating conditions and results for potassium sulfate 
OÎ T' 
min. 
C? 
lav. av- 'sat'd. gms./lOO ml. 
r° X 10^ 
o 
mm./min 
ng X 10-
no./mm. 
dN° X 10-5 
dt 
no./min. 
1 3 . 0  
1 3 . 0  
1 5  
3 0  
1 2 . 5 5  
1 2 . 1 4  
1 0 . 3 5  
1 0 . 2 0  
9 . 7 9  
9 . 7 9  
1 . 9 7  
1 . 8 6  
4 . 9 5  
1 . 9 8  
1.71 
5 . 0 2  
8 .16  
9.94 
20.U 
20.3 
1 5  
3 0  
1 4 . 3 4  
1 3 . 9 4  
1 1 . 7 5  
1 1 . 6 2  
1 1 . 2 6  
1 1 . 2 6  
2 . 0 2  
2 . 2 0  
4 . 4 3  
1 . 8 9  
2 . 8 4  
7 .  9 9  
12.60 
15.10 
3 0 . 0  
3 0 . 0  
1 5  
3 0  
1 4 . 7 0  
1 5 . 3 1  
1 3 . 2 8  
1 3 . 2 4  
1 2 . 9 7  
1 2 . 9 7  
1 . 4 1  
1 . 9 2  
3 . 7 9  
1 . 7 8  
4 . 6 7  
1 1 . 1 3  
1 7 . 7 0  
1 9 .  8 0  
^sat'd indicate gms. potassium sulfate/100 gms H2O. 
n° corrected for all runs for deviation from a Hp = 2.00 by means of following expression 
n° (corrected) = ng (experimental) (2.00)0*4 ^ 
MTO'4 
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with the suspension aensity taken to the 0.^ pou'er. Since it was decided 
to operate at a suspension density near 2.00, the appropriate correction 
for deviations from a suspension density of 2.00 was to multiply the n° 
by the ratio (2.00)^-^ . 
With the r° and corrected n° values tabulated as shown in Table 4, 
it was then possible, through a plot of Equation 22, to determine the 
values of i and k» at the three operation temperatures. The log n° 
versus log r° plots are given in Figure 15. It was found that, like the 
other two systems studied, the slope (i-1) did not change with the tem­
perature of crystallization. A constant value of i = -0.12 was found. 
The k2 values were read from the intercepts and resulted in the follow­
ing nucleation equation: 
13°C = 4.67 X lO^ rO"^ '^  ^= k^ s"°"^  ^ (41) 
dt 
20.8°C = 7.44 X lO^ r^ 'O'^  ^= k^ s"*^ '^  ^ (42) 
dt 
31°C d!^  = 9.13 X icfr^ -O-l: = kiS-0'12 (43) 
dt 
A study of Equation 41 through 43 indicates that, like potassium 
chloride and in opposition to potassium nitrate, the parameter kg in­
creased with tne temperature of crystallization. Furthermore, potassium 
sulfate apparently possesses a power parameter that is different from 
the majority of salts. A negative i value indicates that, at the same 
temperature, the nucleation rate actually decreases with supersaturation 
level (residence time). 
Figure 15. Correlation of nuclei population density and growth rate 
for potassium sulfate at three levels of crystallization 
temperature 
O- T(°C) = 13.0 
Slope (i-1) = -1.12 
Intercept (k^) = 4.67 X 10^ 
A- T(°C) = 20.8 
Slope (i-1) = -1.12 
Intercept = 7.44 X 10^ 
Q- T(°C) = 30.0 
Slope (i-1) = -1.12 
Intercept (k^) = 9.13 X 10 
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A review of the saturation and mother liquor concentrations given 
in Table 4 suggests that, as opposed to the other two systems studied, 
the relative supersaturation levels supported for the potassium sulfate 
runs were of a measurable value. This ability to measure the relative 
supersaturation levels made it possible to study the effect of tempera­
ture on the nucleation and growth parameters, and . It is important 
zo realize that, while the supersaturation levels given from the concen­
tration data yield the correct trend in the actual level supported, they 
cannot be taken as being the absolute value supported. As pointed out 
in the experimental section, the saturation and mother liquor concentra­
tions were taken on solutions which passed through a 60 micron pore screen. 
It can then be reasoned that, due to the nuclei and other small crystals 
supported in the mother liquor, the measured mother liquor concentrations 
would be higher than the actual values. The discrepancy would become 
more acute as the nucleation rate increased due to the greater number of 
small particles. 
A plot of log (dN°) versus 1/T for potassium sulfate is given in 
dt 
Figure 16. As in the case of potassium chloride, the nucleation rate 
increased at constant residence time as the temperature of crystallization 
increased. As stated previously, one might speculate, from kinetic con­
siderations, that the parameter k^ increases with temperature. Such a 
prediction was verified for potassium sulfate. A plot of (dN°)s^*^^ 
dt 
versus 1/T is given in Figure 17. It can be observed from Figure 17 that 
Figure 16. Semilog plot of nucleation rate versus 1/T for 
potassium sulfate at three levels of crystallization 
temperature 
NUCUEATION RATE (no/min) 
Figure 17. Semilog plot of nucleation rate divided by supersatura-
tion to the i power versus 1/T for potassium sulfate at 
three levels of crystallization temperature 
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Ihe nuclear ion parameter, k^, dia actually increase with temperature. 
Furthercore, it was possible to obtain a meaningful activation energy for 
nucleation in terms of the teraperature dependency of k, . An approximate 
nucleation activation energy of kcal./gm. mole was obtained from the 
graphs in Figure 17. It should be noted that there is no reason why the two 
lines given in this plot do not coincide other than the fact that the 
relative supersaturations for the 30 minute residence time runs are 
probably high due to the increase of nucleation rate with residence time. 
A plot of the logarithm of the growth rate, r°, versus 1/T is given 
in Figure 18. It is observed that, like the potassium chloride system, 
the growth rate decreased as the temperature of crystallization increased. 
As mentioned when discussing the potassium chloride system, one could 
reasonably expect that such a temperature dependency was a result of the 
level of supersaturation decreasing with temperature. The growth rate 
parameter, kg, has been shown to increase with temperature no matter 
which mode of resistance is controlling. It must be concluded, then, 
that the supersaturation level decreased as temperature increased. 
A study of the mother liquor and saturation concentrations given 
in Table 4 revealed that the relative supersaturation, s, did decrease 
with an increase in the temperature of crystallization at a constant 
residence time. The combined kinetic-^ of nucleation and growth re­
sulted in a lowering of the supersaturation as the temperature increased. 
Due to the fact that the relative supersaturation levels could be 
measured, it was possible to study the effect of temperature on . 
Figure 18. Semilog plot of growth rate versus 1/T for potassium 
sulfate at three levels of crystallization temperature 
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With reference to Equation 10, a plot of log (r^/s) versus 1/T was 
prepared for the two levels of residence time. This plot, given in 
Figure 19, indicates that did increase with temperature and that 
an Arrhenius-type equation is applicable. 
The following equations describe the temperature dependency of 
the r° values for the temperature range studied: 
15 minute residence time—r^ X 10"^'^ 4.95 - 0.0ô9(T(°C) -13.0) (44) 
30 minute residence time—r^ X 10^*^1.98 - 0.01i(T(°C) -13.0) (45) 
Due to the fact that it was possible to directly study the effect 
of temperature on k^, a fairly concise study of which mode of resistance 
was rate controlling could be made. Mullin and Nienow (17) made a 
thorough study of the effect of temperature on the diffusion coefficient, 
D, of near-saturated aqueous potassium sulfate solutions. The activation 
energy for diffusion was calculated to be 4.8 kcal./gm. mole. The ac­
tivation energy for k^, calculated from Figure 19, was found to be ap­
proximately 3.9 kcal./gm. mole. The closeness of these two activation 
energies suggests that diffusion was the rate controlling resistance for 
the growth of potassium sulfate crystals within the temperature range 
of 13.0°C to 30.0°C. The inability to measure a reaction rate activation 
energy^Ej., hinders the attempt for exact confirmation of this finding in 
terms of activation energies. However, as pointed out in Appendix D, 
growth rate size-dependency implies diffusional control. 
Figure 19. Semilog plot of 
supersaturation 
at three levels 
growth rate divided by relative 
versus 1/T for potassium sulfate 
of crystallization temperature 
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CONCLUSIONS 
1. The analysis of steady state crystal size distributions ob­
tained from a continuous, mixed suspension, mixed product removal, cool­
ing crystallizer indicated that such a system can be used to study the 
effect of temperature on the kinetics of nucleation and growth while 
maintaining the constraint of a constant suspension density. This con­
clusion implies that one is able to study the effect of temperature while 
assuming a power model in terms of supersaturation for the nucleation rate 
and a linear model in terms of supersaturation for the crystal growth rate. 
2. The analysis of steady state growth and nucleation rates demon­
strated a pronounced effect of the temperature of crystallization on the 
kinetics of growth and nucleation. The nucleation power parameter, i, 
was found to be independent of crystallization temperature for all three 
systems studied. The nucleation rate of two of the systems, potassium 
chloride and potassium sulfate, increased with increasing temperature 
of crystallization. The growth rates of potassium chloride and potas­
sium sulfate decreased with temperature. On the other hand, the nuclea­
tion rate of potassium nitrate decreased with increased crystallization 
temperature while the crystal growth rate increased. 
3. The supersaturation level supported at a particular temperature 
was determined by the combined kinetics of nucleation and growth at that 
temperature. It was not always possible to predict or to measure the 
supersaturation level supported at the various crystallization tempera­
tures. It was found that the supersaturation levels supported for the 
93 
potassium nitrate and potassium chloride systems were of such small 
quantity that accurate measurement was impossible. This restriction 
made it necessary for the analysis to be made on the overall growth and 
nucleation rates, resulting in conclusions of the speculative nature. On 
the other hand, the potassium sulfate system supported measurable super-
saturation quantities. 
4. The potassium sulfate system exhibited several interesting growth 
and nucleation phenomena. The nucleation power parameter, i, was equal 
to -0.12, indicating that the nucleation rate decreased as the supersatura-
tion level increased. The growth rate, like that of potassium chloride, 
decreased with increased crystallization temperature, indicating the 
combined kinetics of nucleation and crystal growth lowered the super-
saturation level as temperature increased. The crystal growth rate was 
found to be diffusional controlled and to be dependent on crystal size. 
McCabe's A.L law did not apply. 
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RECOMMENDATIONS 
1. Further data should be taken on other systems. In particular, 
data should be taken on crystalline systems that support a measureable 
level of supersaturation in a MSMPR cooling crystallizer. Perhaps 
organic systems such as sucrose and inorganic systems such as sulfates 
might support the needed supersaturation level. 
2. Further data should be taken on several systems that possess a 
relatively flat solubility curve and several systems that exhibit a 
steep solubility curve. It should be noted that, in the study made, 
the two systems with flat solubility curves displayed similar kinetic 
temperature dependency. A dependency of the opposite nature was ob­
tained for the system (potassium nitrate) that possesses a steep solu­
bility curve. Further data is needed to investigate the possibility 
of a qualitative relationship between the solubility curve of the solute 
and the temperature dependency of its kinetics. 
3. Further experimental data should be collected on systems while 
studying the effect of several parameters simultaneously. Such a 
project might involve a study of the kinetics while operating at dif­
ferent crystallization temperatures with various levels of impurity. 
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NOMENCLATURE 
•) 
A crystal surface area, 
A^ frequency factor for diffusion 
A2 frequency factor for surface reaction 
A' frequency factor, either Aj^ or A2 
b power parameter in size dependent growth rate model 
concentration of solute in feed, gms/100 gm H2O 
concentration of solute in mother liquor, gms/100 gm HgO 
Csat'd concentration of solute in saturated solution, gms/100 gm H2O 
c proportionality constant for nucleation rate 
c^ concentration of solute at interface, gm/ml 
Cgg concentration of supersaturated solution, gm/ml 
c* concentration of saturated solution, gm/ml 
D molecular diffusivity, mm^/min 
d molecular diameter, mm 
Ej activation energy for diffusion 
Ej. activation energy for surface reaction 
E' activation energy, either Ej or E^ 
AiG Gibbs free energy of formation 
i nucleation rate power dependency on supersaturation 
K specific rate constant for growth 
coefficient in size dependent growth rate model 
k Boltzmann's constant 
"k " — — 
kg proportionality constant for crystal growth rate 
9o 
4 volumetric shape factor 
proportionality constant for crystal growth rate 
k 
r 
proportionality constant for reaction rate 
proportionality constant for nucleation rate 
^2 proportionality constant for nucleation rate, (k, ) 
L crystal size, mm 
Lav average of aperture diameters, ram 
t\L width of size fraction, mir. 
M molecular weight 
Mfji suspension density, gms.crystals/100 ml 
MSMPR mixed suspension, aiixed product removal 
m crystal mass, gms 
N Avog radro's number 
N° number of nuclei 
N1 number of crystals on sieve screen 
number of crystals in a size fraction 
n population density of crystal suspens ion,*/mm 
experimental population density,/mm 
o
 o
 
nuclei population density at steady state, "^/mm 
n point population density,^/mm/mm^ 
"i suspension input point population density,^/mm/mm^ 
P
 1 
o
 suspension output point population density,^/mm/mm^ 
CO point population density a suspension's surface, #/mm/mm 
Qi input volumetric flow rate, ml/min 
Oo output volumetric flow rate, ml/min 
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R gas constant 
RT residence time, min 
r linear crystal growth rate, mm/min 
r^ critical size nucleus, mm 
r^ linear crystal growth rate at steady state, mm/min 
r° growth rate of smaller size crystals, mm/min 
r^CL) steady state growth rate o£ crystal of size L, mm/min 
r^ radius of spherical solid, mm 
S concentration ratio, Cgs/c* 
s supersaturation, gms/ml 
T residence time, min 
T temperature, °C or °K 
TQ steady state residence time, min 
T' residence time, rain 
t time, min 
V volume of crystallizer, ml 
V volume of suspension, ml 
V molecular volume, mm^ 
V volume of suspension sample, ml 
W weight of crystals of a given size fraction, gms 
experimental crystal size, mm 
X film thickness, mm 
X dimensionless parameter in size dependent growth rate model, L/r^Tg 
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p geometric factor 
V parameter in size dependent growth rate model, 1/rgTo 
p. viscosity, centipoise 
Ç crystal density, gm/ml 
1 .  
2 ,  
3, 
4, 
5 
6 
7 
8 
9 
10 
11 
12 
13 
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APPENDIX A 
Volumetric Shape Factors for Potassium Chloride, Potassium 
Nitrate, and Potassium Sulfate 
According to Mullin (15) the second largest dimension of a non-
spherical particle should be chosen as the equivalent diameter when 
dealing with a sieve analysis. Then the other dimensions of the crystal 
are expressed in terms of this equivalent diameter. The volume of the 
crystal is next calculated with the equivalent diameter as the cnly 
unknown. The coefficient of the cube of the equivalent diameter is 
defined as the volumetric shape factor, ky. 
While there have been over twenty different "average" diameters 
proposed for particles (15), the following equation should yield a suf­
ficiently accurate result: 
where W is the weight of crystals collected on a given sieve, is 
the average of the aperture diameters for the sieve above and the sieve 
on which the crystals are collected, N'is the total number of crystals 
held on the sieve and determined by counting, and ç is the crystalline 
density. 
From the above discussion, it is quite understandable that potassium 
chloride, with a cubic habit, has a equal to 1.0. The use of the above 
equation for several runs of potassium nitrate resulted in a k^ ranging 
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from 0.85 to 1.10. Similar application to potassium suit ate yielded a ky 
range from 0.90 to 1.25. With these results in mind, a ky equal to 1.0 
for all three salts was chosen. 
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APPENDIX B 
Determination of Best Straight Line Through Population Density 
Versus Crystal Diameter Plots Via Least Squares Method 
It is extremely critical that one obtains the best straight line 
through the data of the population density versus crystal size plots. 
The accuracy of the nucleation order, i, depends on the proper location 
of this line. The slope yields a value for r^ while the intercept de­
termines n®. These, in turn, are plotted according to Equation 22 to 
obtain the i values. Due to the logarithmic vertical axis, a slight 
shift in the line results in a large variation for the n° value. Growth 
rates are far less sensitive. 
It is for these reasons that a procedure employing a least square 
analysis was developed in order to obtain the best straight line through 
the data. The procedure employed was, in reality, a modified least 
squares in that it incorporated an additional known relationship between 
the growth rate, r^, and the intercept, n°. This relationship, developed 
by Randolph (22), will be presented first. 
The following equations are obtained after the substitution of 
Equation 18 into the integral: 
\ ^LndL = n°(ro T^)^ 
o 
(47) 
^2 = k^t^^L^ndL = 2k^n°(ro Tg)] (4H) 
/•/iQ \ 
V "O 
V 
where M]_ - total length of crystals if laid side by siae, ~ total 
area of crystals ia the suspension, and = total mass of crystals in 
the suspension of size V. 
It should be obvious from the definition of Equation (49) that: 
However, because the suspension densities employed in this research wer^ 
based on V = 100 ml. of suspension, the following equation was applicable: 
where = suspension density in gins, crystals/100 ml. of suspension, 
ky = volumetric shape factor,Ç = crystalline density, n° = steady nuclei 
population density in number/mm., r^ is the steady state growth in 
mm./min., TQ is the residence time in min., and v is the suspension density 
volume, equivalent to 100 ml. 
It is thus seen that a workable relationship between r^ and n° can 
be derived via mass considerations. One could then draw a line through 
the data, observe the intercept (n°) and the slope ( ), and calculate 
the resulting Hp. This procedure could be repeated until the chosen line 
possesses an intercept and slope that results in an equivalent to the 
experimental value. However, it is quite possible that a series of in­
tercepts and slopes will yield the measured Hp. It is for this reason 
that a least squares method, incorporating the required mass balance, 
was developed. 
(50) 
Mt = ^ TQ)^ (51) 
V 
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The derivation of a least squares analysis for a semilog plot is 
quite simple. The only special trick employed was to modify the basic 
method by expressing the growth rate, r^, in terms of n° through the use 
of Equation 51. One actually has a choice of eliminating either r^ or 
n°. The basic least squares relationship, without modification, is given 
as : 
9 
Sum of squares = Z (log n. - log n° + 0.4346( (52) 
i=l ^ ^olo 
where n^ is the experimental population density corresponding to the 
crystal diameter X^. 
If one employs Equation 51 to express TQ in terms of n° and incor­
porates the resulting equality into the above equation, the result is: 
^ „ ôkuanS -, 
Sum of squares = Z (log n- - log n° + 0.4346( ^—)^ x.-) (53) 1. o M^ V J. 
The procedure, then, is to pick an intercept, n°, and to obtain the sum 
of squares via Equation (53). The process is repeated until one closes 
in on the intercept that will result in the minimum sum of squares. The 
resulting n° is the best intercept and the can be obtained from the 
mass equation. 
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APPENDIX C 
Polycrystallization and Abnormal Growth 
In reality, it is often fairly difficult to grow a perfect crystal 
in a MSMPR crystallizer. More often than not, polycrystals or other 
abnormal particles will result. The process of such abnormal growth is 
not well understood. The prediction and explanation of the occurrence 
of such a phenomena is often impossible. 
However, there are several conditions that often encourage abnormal 
growth. At high supersaturations crystals often grow abnormally, with 
needles, spikes, and dendrites projecting from the surface. Since these 
forms are often extremely flexible, the orientation of their outer ends 
may be quite different from that of the parent lattice. If the ends start 
to thicken, a second crystal will be produced with an orientation differ­
ent from that of the parent (29). 
If nucleation occurs in the bulk of the solution, agglomeration 
of the resulting nuclei may result in a polycrystal. In an MSMPR crystal-
lizer, the nucleation may occur at a relatively low supersaturation. In 
this case, when a crystal collides with another body, nuclei may be pro­
duced on the surface of the crystal via collision breeding. If the nuclei 
continue to grow without removal, a polycrystal will result. It is under­
stood, of course, that the positions of the molecules in the adsorption 
layer would not be related to the positions of the molecules in the 
underlying lattice (29). Such a process is often called polycrystalline 
nucleation and is used to explain polycrystal occurrence and growth. 
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Another type of abnormal growth, which is quite related to poly-
crystalline growth, has been observed by Strickland-Constable (29). 
If potassium bromide, KBr, crystals are grown at a supersaturation level 
of less than 0.3^0, perfect clear cubic crystals result. However, if 
the supersaturation level is greater than the crystals grown con­
sist of a collection of contiguous cubelets. Such an occurrence might 
be reasonably predicted for other cubic salts such as sodium chloride 
and potassium chloride. Just as in the case of polycrystalline growth, 
one would expect this phenomena to occur at a lower supersaturation for 
M3MPR crystallization. 
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APPENDIX D 
Crystal Size Distributions in Continuous Crystallizers when 
Growth. Rate Is Size Dependent 
For many crystallization systems, the diffusion resistance is less 
than the resistance due to the surface reaction, and the growth rate is 
reaction controlled. Such systems have crystal growth rates that are 
independent of crystal size, thereby obeying McCabe's ûkL law. Some, 
but certainly not all, systems that are diffusional controlled fail to 
obey McCabe's Zi L law. In these cases, the apparent effect of size re­
sults from the larger crystals having a higher settling velocity and 
hence a greater crystal-solution velocity (13). Since the diffusion 
boundary layer, X, decreases as the velocity increases, the growth rate 
of crystals in a mixed suspension might be expected to increase with size, 
if the growth rate is not reaction controlled. 
While there have been numerous empirical size-dependent growth rate 
models proposed (6, 13), a model suggested by Abegg, Stevens, and Larson 
(1) best satisfies the desirable properties for a realistic and useful 
growth rate expression. 
The growth rate model is: 
r„a) = r° (U^ Db. (54) 
where r^CL) is the growth rate of a crystal of size L, r° is the growth 
rate of the smaller size crystals, and f^is a parameter defined by the 
next equation. In an agitated suspension it appears reasonable to ex­
pect that only the larger crystals would have a relative crystal-solution 
velocity significantly different from the bulk solution velocity. If 
the growth dependency on size is a result of settling velocity, one would 
expect the smaller crystals to grow at approximately a constant rate and 
to have a size distribution not greatly different from that predicted 
by McCabe'sû.L law (1). The result is that the smaller crystal sizes 
in a population density versus crystal size plot should be on a straight 
line. If this is the case, the method outlined in Appendix B can be em­
ployed to obtain and n°. Furthermore, the nucleation rate, 
is equal to (n° TQ) as in the usual case. 
The steady state distributions corresponding to the model defined 
by Equation 54 are: 
n^(L) = KgagCl+TLj-bexp (- (55) 
where = exp( 1/1-b), b<-l, and is (l/r°To). 
Introducing the dimensionless variables: 
^ »ô) 
o 
L 
X =rL = pOT (57) 
^o^o 
one can rewrite Equation 54 as: 
yo(x) = Kg(l-xyD exp( —YTg ) (58) 
The method employed to solve for b is then quite straight forward. 
One first obtains the value of r° and n° as defined above. The next 
step is to prepare a series of plots of Equation 58 for incremental 
vailles of b frnm 1.0 to 0.0. The final step is to reduce the experimental 
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data to dimensionless form and to plot the values on a versus x plot. 
The b value that most closely matches the experimental plot is the cor­
rect value to use in the model. 
